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It is the purpose of this thesis to examine the field
of integers modulo p under the binary operations of modular
addition and multiplication and to determine all topologies
on this field for which modular multiplication is continuous.

It 1s well known [see J. Kelley, General Topology,

D. Van Nostrand Co., Ine., Hew York, 1935, p. 108] that there
are nontrivial topologies on the real nuwbers making this
set a topologiocal ring (e.g., the usual topology). The ques-

tion arose as to whether or not there are finite topologieal
rings. Since the set of real nunmbers is a field, it seemed
natural to look at the finite fleld of integers modulo p.
Although not proven in this thcais; the gnlr topologies for
which the set of integers modulo p is a topologlical ring
seen to be the two trivial topologies; 1.e., the indiscrete
and the disorets topologies. Modular addition proved to be
the problem in that it appeared to be continuous for only the
two trivial topologies. However, modular multiplication was
much more interesting in that there were many more topologles
for whieh it was continuous. This seemed to be a loglecal
direction to explore.

In Chapter II and Chapter III the preliminary defi-
nitions, theorems, and corollaries of abstract algebra and

topology are presented. These results are needed to prove
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and understand the major theorems that appear in Chapter IV
and Chapter V,

In Chapter IV the sufficient eondition of the major
theorem 1s established. More precisely, in Theorem I it 1s
proven that modular multiplication is continuocus on X, the
field of integers modulo p, if 7 is one of the following
topologies: (a) (X, #)}; (b)) (x, #, €{0})}; (e) (x, #, (0}};
(a) {x, #, ¢{0}, (0}); (o) ma basis for T is (X, #, C{O}} UV
{bA] b ¢ C{0), A 1s & subgroup of C{0), A ¥ C{0}}; (£) a
basis for T 1s {X, #, {0}} U {{0}U dA] b ¢ C{0}, A 15 & sub-
group of C(0}, A o C{0)}); and (g) & basis for T is
{x, #, (0}, ¢{0}} U {bA| v ¢ €{0}, A 1s a sudbgroup of £{0},
A ¥ C{0})}.

In Chapser V the necessary condition is presented.
By the exhaustive proofs of Theorem II and Theorem III it is
shown that 1f modular multiplisaticn is eontinuous on the
field of integers modulo p, then 7 is one of the topologies
of Theorem I. Consegquently, a necessary and sufficient con-
dition for modulsar multiplication to de continuous is that 7
be one of the above-deseribesd topologles. Moreover, the
nunber of different topologies for which modular multiplioa-
tion is continuous over the fleld of 1&%03.?: modulo p 1s
4 + 34 where N is one less than the number of fastors of
p - 1.
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